We investigate the stability of katabatic slope flows over an infinitely wide and uniformly cooled planar surface subject to an additional forcing due to a uniform downslope wind field aloft. We adopt an extension of Prandtl's original model for slope flows (Lykosov & Gutman 1972) to derive the base flow, which constitutes an interesting basic state in stability analysis because it cannot be reduced to a single universal form independent of external parameters. We apply a linear modal analysis to this basic state to demonstrate that for a fixed Prandtl number and slope angle, two independent dimensionless parameters are sufficient to describe the flow stability. One of these parameters is the stratification perturbation number that we have introduced in Xiao & Senocak (2019). The second parameter, which we will henceforth designate the wind forcing number, is hitherto uncharted and can be interpreted as the ratio of the kinetic energy of the ambient wind aloft to the damping due to viscosity and stabilizing effect of the background stratification. For a fixed Prandtl number, stationary transverse and travelling longitudinal modes of instabilities can emerge, depending on the value of the slope angle and the aforementioned dimensionless numbers. The influence of ambient wind forcing on the base flow's stability is complicated as the ambient wind can be both stabilizing as well as destabilizing for a certain range of the parameters. Our results constitute a strong counter-evidence against the current practice of relying solely on the gradient Richardson number to describe the dynamic stability of stratified atmospheric slope flows.
Introduction
Ludwig Prandtl's slope flow model permits an exact solution to the Navier-Stokes equations including heat transfer at an infinitely wide inclined surface immersed within a stably stratified medium (Prandtl 1942) . The model has been found to describe well the vertical profiles of wind speed and temperature associated with katabatic winds in mountainous terrain or over large ice sheets in (Ant-)arctica or Greenland (Fedorovich & Shapiro 2009 ).
Prandtl assumed quiescent winds at high altitudes in his slope model. It is also common for katabatic winds to develop in the presence of an external ambient wind field aloft, as for example when stably stratified air flows over a long mountain range, resulting in a nonzero wind in the free stream (Manins & Sawford 1979) . Lykosov & Gutman incorporated the effect of a uniform ambient wind field into Prandtl's original formulation. We will henceforth refer to their model as the extended Prandtl model. Katabatic wind profiles above an inclined cooled slope depicted by the original and the extended Prandtl model are shown in figure 1. The vertical profiles of buoyancy and velocity as predicted by the original Prandtl model are exponentially damped sinusoidal solutions. In the original Figure 1 : Velocity profiles corresponding to the extended (red) and the original Prandtl model (blue) for slope flows. A rotated coordinate system is adopted.
Prandtl model, the low-level jet along the slope descent is capped by a weak reverse flow. The extended Prandtl model appears as a mere shifting of the velocity profile produced by the original Prandtl model,however, as the equations indicate, the downslope ambient wind also increases the velocity maximum of the low-level jet. This extended model can be accepted as a valid approximation to a situation in which stably stratified air flows over the top of an elevated terrain and follows the underlying surface closely (Whiteman 2000) . In the present work, we adopt the extended Prandtl model with the assumption that the ambient wind is directed down-slope without cross-slope components and remains parallel to the inclined plane underneath.
In Xiao & Senocak (2019) , we investigated the linear stability of the katabatic flows under the original Prandtl model and uncovered transverse and longitudinal modes of flow instabilities that emerge as a function of the slope angle, Prandtl number and a new dimensionless number, which we have designated the stratification perturbation parameter. This new dimensionless number represent the importance of heat exchange at the surface relative to the strength of the ambient stratification, and it is defined solely by the intrinsic parameters of the flow problem at hand, and thus physically more meaningful than the more familiar internal Froude or Richardson numbers. However, by using "derived" internal length and velocity scales in the original Prandtl model, Π s can be converted a bulk Richardson or internal Froude number, creating a misleading interpretation that there is no necessity for such a new dimensionless parameter. In the present work, we demonstrate that Π s intrinsically exists along side with another new dimensionless number, and for fixed Prandtl number, these two dimensionless numbers along with the inclination angle describe the dynamic stability of stably stratified slope flows under the combined action of ambient wind and surface cooling. Here, we pursue the same technical approach and the methods outlined in Xiao & Senocak (2019) to determine the stability limits of the extended Prandtl model to comprehend the effect of a uniform ambient wind field on the stability katabatic slope flows.
Governing Equations
Let us consider the slope flow under the action of an ambient wind as depicted in figure in figure 1, where α is the slope angle and B S is the constant negative heat flux imposed at the surface. The constant ambient wind speed in the free stream is u ∞ . For ease of analysis, the problem is studied in a rotated Cartesian coordinate system whose x axis is aligned with the planar inclined surface and points along the upslope direction.
Let b the scalar buoyancy variable, and u be the along-slope (longitudinal), v be the cross-slope (transverse), and w be the slope-normal velocity components, such that u i = [u, v, w] is the velocity vector, where a positive value of u is associated with the upslope direction. The gravity vector in the rotated coordinate system is then given by g i = [g 1 , g 2 , g 3 ] = [sin α, 0, cos α], and we will also refer the spatial coordinate components (x j ) in the rotated frame as (x, y, z). The ambient wind vector is assumed to be of the form (U j ) = (u ∞ , 0, 0), u ∞ < 0. The governing equations for conservation of momentum and energy under the Boussinesq approximation for an incompressible flow can be written as follows:
where ν is the kinematic viscosity, β is the thermal diffusivity. N = g Θr ∂Θe ∂z is the Brunt-Väisälä frequency, assumed to be constant, Θ is the potential temperature, and z is the vertical coordinate in the non-rotated coordinate system. Buoyancy is related to the potential temperature Θ as b = g(Θ − Θ e )/Θ r , where Θ r is a reference potential temperature and Θ e is the environmental potential temperature. The governing equations are completed by the divergence free velocity field condition for incompressible flows.
Following the same assumptions in the original Prandtl model, equations 2.1-2.2 reduce to simple momentum and buoyancy balance equations. Lykosov & Gutman (1972) presented an exact solution for the case with constant temperature at the surface and ambient wind parallel to the surface. Here, we follow the approach presented in Shapiro & Fedorovich (2004) and modify that solution for constant surface buoyancy flux at the surface. The modified solution takes the following form:
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where z n = z/l 0 is the nondimensional height, and the corresponding scales governing the flow problem are given as
where P r ≡ ν/β is the Prandtl number. A composite velocity scale u c is defined in equation 2.7 as the sum of an inner velocity scale u 0 and an outer velocity scale that is the ambient wind speed u ∞ . It can be shown via calculus that for all values of u 0 , u ∞ < 0, the normalized maximal velocity u max /u c of the flow profile as well as normalized location z max /l 0 where this maximum is attained always lie within a constant, finite interval independent of external flow parameters. Thus the choice of the velocity scale u c and length scale l 0 is both simple and meaningful for this class of flow profiles. We observe from (2.3) that the velocity profile exhibits the expected low-level jet near the surface and approaches the ambient wind speed u ∞ at higher altitudes. This trend implies the existence of two distinct velocity scales, one that is associated with the processes near the surface based on the low-level jet, and another one that represents the ambient wind aloft. Thus, no matter which velocity scale is chosen, the flow profiles in the extended Prandtl model cannot be normalized to a universal form independent of the wind speed u ∞ , in contrast to the original Prandtl model with u ∞ = 0. Let us now consider the Buckingham-π theorem to determine the dimensionless num-bers involved in the extended Prandtl model for slope flows. One can show that any nondimensional dependent variable (e.g. nondimensional maximum jet velocity) is a function of the following four independent dimensionless parameters:
Due to the lack of an externally imposed length scale, familiar dimensionless numbers such as the Reynolds, Richardson, or Froude number do not appear in the above list and all the dimensionless numbers are functions of the externally imposed dimensional parameters in the slope flow problem only.
The new dimensionless number in the above set is Π w . Π s was introduced in Xiao & Senocak (2019) . We designate Π w the wind forcing number interpret it as the ratio of the kinetic energy in the ambient wind to the kinetic energy damping in the flow due to viscosity and stabilizing effect of stratification.
Linear Stability Analysis
We introduce the normalized velocity and buoyancy as u n = u/u c , b n = b/b 0 , and use l 0 to normalize all lengths. Linearizing around the base flow given by (2.3)-(2.4), and assuming that disturbances are waves of the form q(x, y, z, t) =q(z) exp {i(k x x + k y y) + řt}, the resulting equations have the form
whereû,v,ŵ,p,b are flow disturbances varying along the slope normal direction normalised by u c , b 0 , respectively. z is the distance to the slope surface normalized by the length scale l 0 . k x , k y are normalized positive wavenumbers in the x (along-slope) and y (transverse) directions, respectively, whereas ř is a normalized complex frequency. The normalised base flow solution and its derivative in the slope normal direction in normalised coordinates are denoted by u n , b n and u n , b n , respectively. The coefficient C = Π s + √ Π w P r 3 /4 sin 1 /2 α is introduced solely for convenience, and we choose Π w instead of √ Π w P r 3 /4 sin 1 /2 α as the dimensionless parameter such that it is independent of the slope angle α and Prandtl number P r which are separate dimensionless numbers of the configuration.
The solution method for the above generalised eigenvalue problem follows the same approach as described in Xiao & Senocak (2019) . The stability behaviour of the problem is encoded by the eigenvalues , whose real part equals the exponential growth rate and whose imaginary part is the temporal oscillation frequency of the corresponding eigenmode. 
Dependence of instability modes on dimensionless parameters
From the results in Xiao & Senocak (2019) , it is known that without ambient winds, the dominant instability of Prandtl's profile for katabatic flows at each angle is either a stationary transverse mode, i.e. varying purely along the cross-slope direction, or a longitudinal mode travelling along-slope. This means that the instability growth rate as a function of the wave vectors k x , k y attains its maximum on either the k x or the k y axis, with the other wave vector being zero. It turns out that the same also holds true for katabatic flows in the presence of ambient winds, hence the growth rate contours for disturbances in the wave vector space, looking qualitatively similar like those in Xiao & Senocak (2019) , will not be shown here.
The fact that the most dominant instability is either a pure transverse (k x = 0) or longitudinal mode (k y = 0) means that at a fixed configuration determined by the slope angle α and the parameters Π s , Π w , the most dominant instability can be found by searching for one of the wave numbers k x (longitudinal mode) or k y (transverse mode) which maximizes the growth rate, setting the other wave number to zero. This approach has been applied to obtain the growth rate contour of the strongest transverse and longitudinal modes over the Π w , Π s space for different slope angles, as shown in figure  2 . At each given angle α and ambient wind value specified by Π w , we identify the most dominant amongst the transverse and longitudinal modes as the one which has a smaller Π s value for critical stability threshold, i.e. at which the growth rate is zero. Since the gradient Richardson number Ri g features prominently in the study of stratified flows, we overlay the corresponding Ri g number on the contour plots in figure 2. The Ri g number used in those figures is calculated from the extended Prandtl model velocity profile 2.3 and reduces to the following convenient formula with the help of the dimensionless parameters Π s , Π w defined in equation 2.9
where it can be shown that the maximum shear is attained at the slope surface. We can observe that Ri g number decreases with an increase of either of the parameters Π s or Π w . However, since Ri g is a function depending on three independent variables α, Π s , Π w for a fixed P r number, it is possible from equation 3.6 to find different combinations of their values which lead to the same Ri g number. By inspecting the normalized partial derivative (∂Ri g /∂α)/Ri g , it can be concluded that for fixed Π s , Π w 1, Ri g becomes insensitive to variations of slope angle α. This means that at those more unstable flow configurations, the Ri g number remains almost constant for all angles α. But as the results shown in figure 2 demonstrate, different values for either of these dimensionless parameters can have profoundly different effects on the linear stability of the underlying base flow. For example, at different slope angles, the dominant instability may change from either the stationary transverse mode or the travelling longitudinal mode to the other instability, respectively. From the plots shown in figure 2, we observe that increasing the ambient wind tend to lower an instability's growth rate at the same Ri g number, i.e. the most unstable mode at fixed Ri g is found at u ∞ = 0. which is the original Prandtl model as analysed in Xiao & Senocak (2019) . At the low slope angle of α = 4 • , it can be observed that for the wind forcing number Π w < 3, the base flow can be unstable despite possessing a larger Ri g number than critical value Ri g = 0.25. This counter example to the celebrated Miles-Howard stability theorem has already been shown in Xiao & Senocak (2019) for the Prandtl base flow without ambient wind and has been attributed to the presence of surface inclination, heat transfer at the surface, and viscosity.
We observe from figure 2 that an increase of surface buoyancy, as measured by the dimensionless number Π s , is a monotonically destabilizing effect for both the transverse and longitudinal modes. This observation is in complete agreement with the stability results for the original Prandtl model as demonstrated in Xiao & Senocak (2019) . The effect of Π w on the instabilities, however, is slightly more complex. Figures 2a and 2c indicate that for both slope angles α = 4 • , 67 • , the growth rate of the most unstable transverse mode grows monotonically with an increase in Π w . As shown in Xiao & Senocak (2019) , at low slope angles devoid of an external ambient wind forcing (i.e. u ∞ = 0), the transverse mode is the dominant instability. Thus at those angles, when all other flow parameters are left unchanged, ambient wind has a strictly destabilizing effect on the base flow field. This behaviour is consistent with expectation since increasing the ambient wind also increases the maximal shear of the base flow profile given in equation 2.4, thus decreasing the Ri g number, according to equation 3.6. For the longitudinal instability mode at the steep angle of α = 67 • , however, an increase Π w only destabilizes the mode when Π w 100; beyond the approximate value Π w ≈ 100, growing Π w starts to decrease the mode's growth rate, thus stabilizing the mode, which runs counter to expectations. Since the longitudinal mode is the dominant instability at steep angles in the absence of ambient wind, when the surface buoyancy measured by Π s is kept constant, increasing the ambient wind from the value corresponding to Π w = 100 onward tends to stabilize the flow. As is known from equation 3.6, the Ri g number is monotonically decreasing with respect to Π w , so this behaviour implies that a lowering of Ri g stabilizes the base flow, which is an unexpected finding. However, since it is known that the ambient wind is monotonically destabilizing for the transverse mode, this effect can only persist until the ambient wind becomes large enough such that the growth rate of the previously dormant transverse mode overtakes that of its longitudinal counterpart, thus becoming the dominant instability. Such a complex behaviour of the stability region due to both stabilizing as well as destabilizing effects of an external flow parameter has also been discovered in Schörner et al. (2016) , who reported the simultaneous stabilizing as well as destabilizing effects of topography on gravity-driven viscous film flows beyond the Nusselt regime.
Mode transitions at steep slope angles
The aforementioned switching of the dominant instability from the longitudinal mode to transverse mode occurring at the steep angle of α = 67 • is investigated here in more detail. Figure 3a shows that the dominant instability mode is a complex function of both parameters Π w , Π s . For a fixed value of Π s < 16.5, the base flow is initially stable for Π w = 0, then becomes linearly unstable to the longitudinal mode with increasing Π w . When Π w continues to grow,depending on the value of Π s , the flow then becomes either stable again (Π s < 14) or susceptible to both longitudinal and transverse instability modes (Π s > 14). For Π w large enough, however, the dominant instability becomes the transverse mode. The effect of flow stabilization despite lowering of Ri g and the subsequent mode switching can be observed in the marked points P,Q,R,S,T,U,V shown in figure 3a . These transitions predicted by linear modal analysis can also be observed in the four supplementary movies obtained from DNS data: Keeping Π s constant at 13.8, movie 1 demonstrates the stabilizing transition from Q to R, whereas movie 2 shows the emergence of the transverse mode by moving from R to S; at the higher value Π s = 16.5, movie 3 displays how the mixed mode appears by transition from T to U, whereas movie 4 indicates the weakening of the longitudinal mode when moving from U to V. The stabilizing effect of a flow parameter that is generally considered to be monotonically destabilizing has also been reported by Gollub & Benson (1980) , where an increase of the Rayleigh number was found to reduce the complexity of convective flow patterns for certain initial mean flow fields.
The same contour plot for a slightly smaller angle of α = 61 • is shown in figure  3b , which indicates that the region of longitudinal mode has completely vanished at this angle, in agreement with the known fact that the longitudinal instability is being dominated at smaller slope angles.
Stability at different slope angles
As pointed out in the previous subsection, the most dangerous modes at each slope angle α and parameter couples Π s , Π w are either have pure along-slope (longitudinal mode) or pure cross-slope gradients (transverse mode). A plot of the critical Π s required for the onset of each instability mode at a specific slope angle α and wind forcing number Π w is shown in figure 4 . The effect of the ambient wind on the transition slope angle α t at which the dominant instability mode switches from the transverse to longitudinal mode can be clearly observed: Due to the stabilizing effect of increasing ambient wind forcing on the longitudinal mode as discussed previously, for wind forcing number Π w sufficiently large, α t increases beyond the value of 62 • found by Xiao & Senocak (2019) in the absence of ambient wind Π w = 0 . The monotonic destabilizing effect of growing Π w on the transverse mode, i.e. a lowering of its critical stability threshold over all shown angles, is also clearly visible. In particular, for slope angles α < 40 • and Π w = 320, we can notice that the base flow profile is unstable to the transverse mode even for very small surface cooling as evidenced by the threshold Π s value close to zero.
Mixed Instability Mode
For a steep slope angle of α = 67 • , when Π s is sufficiently large, figure 4 shows that for ambient wind values corresponding to Π w = 0, 320, both the transverse and longitudinal modes have positive growth rates. In order to visualise the flow field at these conditions, the Navier-Stokes equations (2.1)-(2.2) for katabatic slope flows are solved using a Cartesian mesh, three-dimensional, bouyancy-driven incompressible flow solver (Jacobsen & Senocak 2013) . The settings for the direct numerical simulations are the same as adopted in Xiao & Senocak (2019) , i.e. the simulation domain is chosen to be large enough to capture multiple vortex rolls along both cross-slope and along-slope directions, and the mesh resolution ensures that there are at least two points per length scale l 0 in each direction.
To study the combined effect of the parameters Π w , Π s on the mixed mode compared to the Ri g number, we have chosen configurations at the same slope angle α = 67 • and the same Ri g number, but with different combinations of Π w , Π s determined from equation 3.6. The first flow case contains no ambient wind and has Π s = 36.77, whereas the second case has a wind forcing number of Π w = 320 and a smaller Π s = 18. An instantaneous visualization of the results via the contour of the Q-criterion is shown in figures 5a-b, where the contour values used to obtain the plots are the same. It can clearly be seen that the flow field corresponding to the larger stratification perturbation Π s = 36.77 is more unstable than its counterpart at the same Ri g number with a nonzero wind forcing number Π w = 320. This serves as another confirmation of the result obtained from LSA as shown in figure 2 where the maximal growth rate of instabilities decline along the Ri-contour when Π s is reduced and Π w is increased. The same comparison is made for a shallow slope with α = 5 • , shown in figures 5c-d. In the first flow configuration, we have Π s = 25 without ambient wind, whereas the second configuration has a smaller Π s = 19.8 but a nonzero wind forcing number of Π w = 320; both flows have the same Ri g number. Similar like in the steep slope case, it is evident that the first flow field with the larger stratification perturbation Π s = 25 looks more unstable and contains smaller eddies than the second flow at the same Ri g number with a nonzero wind forcing number Π w = 320. Thus, it appears that for a fixed Ri g , the surface buoyancy has a stronger destabilization effect than the ambient wind higher aloft.
Conclusions
We performed a linear stability analysis of the extended Prandtl model (Lykosov & Gutman 1972) for katabatic slope flows to investigate the effect of a constant downslope ambient wind on the stability behavior of slope flows on an infinitely wide planar surface cooled from below. Our analysis has led to a new dimensionless number that we interpret as the ratio of kinetic energy of the ambient wind to the damping of kinetic energy in slope flows due to the combined action of viscosity and stable stratification. We designated this new dimensionless number the wind forcing parameter, Π w . We then demonstrated that the stability behavior of katabatic slope flows under the extended Prandtl model at a constant slope angle and Prandtl number is completely defined by Π w and the stratification perturbation parameter (Π s ) that we have introduced earlier in Xiao & Senocak (2019) . The extended Prandtl model also enables us to show analytically that the gradient Richardson number (Ri g ) is a function depending on multiple parameters. Ri g is a monotonic decreasing function of Π s and Π w at a given slope angle and P r number. We conducted direct numerical simulations to further demonstrate that dynamically different slope flows do emerge under the same Ri g and the same slope angle α. Collectively, our results show that a single Ri g criterion is ineffective to characterize the stability behaviour katabatic slope flows under the original or extended Prandtl model.
The types of flow instabilities that occur under the extended Prandtl model are the same as the stationary transverse mode and travelling longitudinal mode that were uncovered in Xiao & Senocak (2019) , but their characteristics can exhibit a complex behavior as a result of ambient wind forcing. When Π s is held constant, ambient wind forcing monotonically destabilizes the stationary transverse mode. For the travelling longitudinal instability at steep slope angles, however, an increase of ambient wind forcing, within a certain range of Π w values, can stabilize the entire flow configuration until its value becomes sufficiently large to trigger the dormant mode of instability, which, in this case, is the stationary transverse instability. This observation runs counter to the currently held assumption that a decrease in Ri g always destabilizes the base flow. Thus, it further supports our argument that any stability criterion based solely on Ri g number is insufficient for slope flows under the original or the extended Prandtl model. Future subgrid-scale parameterisation schemes for stably stratified slope flows would benefit from taking into account the dependency of flow stability on the dimensionless multiparameter space that we have laid out in the present work.
